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In this work, the singularity problem of a three-phase anisotropic piezoelectric media is studied using the extended
Stroh formalism. Based on the method of analytical continuation in conjunction with alternating technique, the general
expressions for the complex potentials are derived in each medium of a three-phase anisotropic piezoelectric media. This
approach has a clear advantage in deriving the solution to the heterogeneous problem in terms of the solution for the cor-
responding homogeneous problem. The presented series solutions have rapid convergence which is guaranteed numerically.
Stress and electric ﬁelds which are dependent on the mismatch in the material constants, the location of singularities and
the magnitude of electromechanical loadings are studied in detail. Numerical results demonstrate that the continuity con-
ditions at the interfaces are indeed satisﬁed and show the eﬀects of material mismatch on the stress and electric displace-
ment ﬁelds. The image forces exerted on a dislocation due to the interfaces are also calculated by means of the generalized
Peach–Koehler formula.
 2007 Elsevier Ltd. All rights reserved.
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Due to their strong coupling between electric and mechanical behavior, piezoelectric ceramics have been
used to diverse areas, such as electromechanical transducers, electronic packaging, thermal sensors and med-
ical ultrasonic imaging. However, various types of defects existed in piezoelectric ceramics, such as disloca-
tions, cracks, cavities and inclusions, can greatly inﬂuence the performance of piezoelectric devices. When
the piezoelectric ceramics are subjected to electromechanical loads in service, they can fail prematurely due
to these defects during their manufacturing process. Therefore, it is important to analyze the behavior of var-
ious defects in electromechanical ﬁelds that predict the performance and integrity of these devices. A lot of
theoretical results have been presented in the literatures. Barnett and Lothe (1975) solved the problem of a0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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(1992) analyzed the piezoelectric cracks by a distributed dislocation method. Suo et al. (1992) examined the
problem of an interface crack between dissimilar anisotropic piezoelectric media and the dependence of sin-
gularities at the tips of an interface crack with respect to diﬀerent electrical conditions. Sosa and Khutoryan-
sky (1996) investigated the plane problems of an inﬁnite piezoelectric media with an elliptic cavity. Meguid
and Deng (1998) analyzed the problem of a screw dislocation interacting with an inhomogeneity in piezoelec-
tric materials. Chung and Ting (1996), Liu et al. (1997) and Zhou et al. (2005) conducted an analysis on a line
force and a line dislocation in anisotropic piezoelectric materials with an elliptic hole or crack. Gao and Fan
(1999) derived an exact solutions for the plane problem in piezoelectric materials with an elliptic hole or a
crack. Chen et al. (2004) solved the problem of a line dislocation interacting with a semi-inﬁnite crack in a
piezoelectric solid. But all the aforementioned conditions are limited to a two-phase system. To our knowl-
edge, the analysis for the interaction of a generalized dislocation interacting with a multilayered piezoelectric
media has not been reported in the literature. For multilayered solids, the problem becomes more complicated
since the solutions are forced to satisfy both the boundary and interfacial continuity conditions.
In the present paper, we investigate the singularities interacting with interfaces in a three-phase layered
media in anisotropic plane piezoelectricity. The proposed method is based on the technique of analytical con-
tinuation that is alternatively applied across two interfaces in order to derive the solution from the correspond-
ing homogeneous solution.
Following the brief introduction, basic equations concerning anisotropic piezoelectric problems are sum-
marized in Section 2. Sections 3–5 are devoted to singularities in a homogeneous medium, a bi-material,
and a three-phase composite, respectively. Numerical results and discussion are given in Section 6. Finally,
Section 7 concludes the article.2. Basic equations for two-dimensional piezoelectric problem
In a ﬁxed rectangular coordinates system (x1,x2,x3), the basic equations for linear piezoelectric materials
can be written asrij;j ¼ 0 ð1Þ
Di;i ¼ 0 ð2Þ
cij ¼
1
2
ðui;j þ uj;iÞ ð3Þ
Ei ¼ u;i ð4Þ
rij ¼ cijklckl  ekijEj ð5Þ
Di ¼ eiklckl þ eikEk ð6Þwhere repeated Latin indices mean summation and a comma stands for partial diﬀerentiation. cijkl, ekij and eik
are the corresponding elastic, piezoelectric and dielectric constants. rij, ui, Di, u, cij and Ei are stress, displace-
ment, electric displacement, electric potential, strain and electric ﬁled, respectively. For two-dimensional prob-
lems in which all the variables depend on x1 and x2 only, following Suo et al. (1992), Chung and Ting (1996)
and Zhou et al. (2005), the general solution is obtained by the linear combination of four complex analytical
functions.u ¼ AfðzkÞ þ AfðzkÞ ð7Þ
/ ¼ BfðzkÞ þ BfðzkÞ ð8Þwhereu ¼ ½u1; u2; u3;ut
/ ¼ ½/1;/2;/3;/4t
fðzkÞ ¼ ½f1ðz1Þ; f2ðz2Þ; f3ðz3Þ; f4ðz4Þt; zk ¼ x1 þ pkx2; k ¼ 1; 2; 3; 4
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respectively; A and B are 4 · 4 complex matrices related to the material constants, expressed asA ¼ ½a1; a2; a3; a4 ð9Þ
B ¼ ½b1; b2; b3; b4 ð10ÞThe eigenvalues pk and eigenvectors ak are determined by the following equations½Qþ ðRþ RtÞpþ Tp2a ¼ 0 ð11Þ
whereQ ¼
c1111 c1121 c1131 e121
c1211 c1221 c1231 e121
c1311 c1321 c1331 e131
e111 e121 e131 e11
2
6664
3
7775 ¼
c11 c16 c15 e11
c16 c66 c56 e16
c15 c56 c55 e15
e11 e16 e15 e11
2
6664
3
7775
R ¼
c1112 c1122 c1132 e211
c1212 c1222 c1232 e221
c1312 c1322 c1332 e231
e112 e122 e132 e12
2
6664
3
7775 ¼
c16 c12 c14 e21
c66 c26 c46 e26
c56 c25 c45 e25
e16 e12 e14 e12
2
6664
3
7775
T ¼
c2112 c2122 c2132 e212
c2212 c2222 c2232 e222
c2312 c2322 c2332 e232
e212 e222 e232 e22
2
6664
3
7775 ¼
c66 c26 c46 e26
c26 c22 c24 e22
c46 c24 c44 e24
e26 e22 e24 e22
2
6664
3
7775and the eigenvectors bk can be obtained asbk ¼ ðRt þ pkTÞak ¼ 
1
pk
ðQþ pkRÞak ð12ÞAfter the normalization for eigenvectors A and B, the following relation can be obtainedBt At
Bt At
 
A A
B B
" #
¼ I 0
0 I
 
ð13ÞThe generalized stresses can be represented asr1 ¼ ½r11; r12; r13;D1t ¼ ½/1;2;/2;2;/3;2;/4;2t ð14Þ
r2 ¼ ½r21; r22; r23;D2t ¼ ½/1;1;/2;1;/3;1;/4;1t ð15ÞIf the traction and the normal component of electric displacement Dn are given on the boundary, the corre-
sponding boundary condition can be expressed as/ðzkÞ ¼ BfðzkÞ þ BfðzkÞ ¼
Z
s
tds; t ¼ ½t1; t2; t3;Dnt ð16Þwhere tk (k = 1, 2, 3) are the components of surface traction.
Assuming that the considered problem satisﬁes such a condition for an arbitrary point on the boundary, the
corresponding point zk (k = 1, 2, 3, 4) can be translated into an identical point, e.g. on the x1-axis or an unit
circle, and as a result the boundary equation can be reduced to that containing one variable.u ¼ AfðzÞ þ AfðzÞ ð17Þ
/ ¼ BfðzÞ þ BfðzÞ ð18Þ
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In the previous section, it was shown that a general solution for a generalized two-dimensional piezoelectric
problem can be expressed by four complex analytical functions f(zk). Now we examine the solution f0(zk) of a
singularity in a homogeneous medium. Let the generalized line dislocation bp and the generalized line force fp
be applied at a point z0, where b
p = [bt,bu]
t = [b1,b2,b3,bu]
t, b represents Burgers vector and bu represents an
electric potential jump across the slip plane, and fp = [ft,q]t = [f1, f2, f3,q]
t, f represents a line force and q rep-
resents a line charge. The equilibrium conditions of the force and the single-valued conditions of the general-
ized displacement areI
c
d/ ¼ fp;
I
c
du ¼ bp ð19Þwhere c represents an arbitrary closed curve around the point z0. We take the solution form for generalized
line dislocation bp and generalized line force fp be applied at a point z0 in an inﬁnite homogeneous medium asf0ðzkÞ ¼ p logðzk  zk0Þ ð20Þ
Substituting Eq. (20) into Eq. (19), it is found2p½iApþ iAp ¼ bp ð21Þ
2p½iBpþ iBp ¼ fp ð22Þwith the aid of Eq. (13), the following relation can be obtainedp ¼ 1
2pi
ðAtfp þ BtbpÞ ð23Þ4. A singularity in a bi-material
4.1. A bi-material composed of two half space
Consider a bi-material composed of two half space bonded along x1-axis with a singularity located in lower
half-space (see Fig. 1). By using the perturbation technique, the complex potentials for current problem can be
expressed asfðzkÞ ¼
faðzkÞ z 2 Sa
fbðzkÞ þ f0ðzkÞ z 2 Sb

ð24Þh
Sa
Sb
X2
2*
X1*
X 1
Z0
Singularity
X
 
Fig. 1. A singularity in a bi-material.
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tively, f0(z) represents the solution of a singularity in a homogeneous medium, in which the piezoelec-
tric material constants of material b are implied in f0(z). In order to express fa(z) and fb(z)
holomorphic in Sa and Sb, respectively, in terms of f0(z), the continuity of mechanical displacement
and electric potential across the interface with Eq. (17), by analytical continuation arguments, is used
to yieldAafaðzÞ  AbfbðzÞ  Abf0ðzÞ ¼ 0 z 2 Sa
AafaðzÞ  AbfbðzÞ  Abf0ðzÞ ¼ 0 z 2 Sb
(
ð25ÞThe continuity of traction and electric displacement with Eq. (18), by the same arguments, results inBafaðzÞ  BbfbðzÞ  Bbf0ðzÞ ¼ 0 z 2 Sa
BafaðzÞ  BbfbðzÞ  Bbf0ðzÞ ¼ 0 z 2 Sb
(
ð26ÞFrom Eqs. (25) and (26), we havefaðzÞ ¼ aabf0ðzÞ
fbðzÞ ¼ babf0ðzÞ

ð27Þwhereaab ¼ ðA1b Aa  B1b BaÞ1ðA1b Ab  B1b BbÞ ð28Þ
bab ¼ ðB1a Bb  A1a AbÞ1ðA1a Ab  B1a BbÞ ð29ÞFor a singularity located in the upper half-space, the solution is assumed to befðzkÞ ¼
faðzkÞ þ f0ðzkÞ z 2 Sa
fbðzkÞ z 2 Sb

ð30Þand one ﬁnds, by the same procedure,faðzÞ ¼ bbaf0ðzÞ
fbðzÞ ¼ abaf0ðzÞ
(
ð31Þwhere aba and bba are as deﬁned in Eqs. (28) and (29), and the piezoelectric constants involved in f0(z) are for
material a.
4.2. A coordinate translation
Suppose that regions Sa:x2P h and Sb:x2 6 h occupied by material a and b, respectively, are perfectly
bonded along the interface x2 = h. With a coordinate translation zk ¼ zk  pkh, (see Fig. 1), it is easy to show
that the function f(zk) in the x1 x2 coordinate system is related to the function f
ðzkÞ in the x1x2 coordinate
system byfðzkÞ ¼ fðzkÞ ¼ fðzk þ pkhÞ or fðzkÞ ¼ fðzkÞ ¼ fðzk  pkhÞ ð32Þ
Let’s reformulate the bi-material solution in the x1 x2 coordinate system, which lies oﬀ the interface. The solu-
tion is also assumed as Eq. (24), in which fa(z) and fb(z) are introduced to satisfy the continuity conditions
along the interface x2 = h. With the aids of Eq. (27) and coordinate translation Eq. (32), the analytical func-
tions fa(z) and fb (z) in the x1 x2 coordinate system can be found asfaðzÞ ¼ aabf0ðz þ pkbhÞ z 2 Sa
fbðzÞ ¼ babf0ðz þ pkbhÞ z 2 Sb

ð33Þwhere f0(z* + pkbh) = [f01(z* + p1bh), f02(z* + p2bh), f03(z* + p3bh), f04(z* + p4bh)]
t. Substitution of Eq. (33) into
Eq. (24) gives a singularity solution in a bi-material bonded along x2 = h.
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The alternating technique together with the results of the previous section can be used to analyze a singu-
larity in a piezoelectric media composed of three dissimilar materials bonded along two parallel interfaces as
shown in Fig. 2. Since it is diﬃcult to satisfy the continuity conditions along two interfaces at the same time,
the method of analytical continuation should be applied to two interfaces alternatively.
5.1. A singularity located in Sc
Consider a three-phase piezoelectric solid with a singularity located in Sc as shown in Fig. 2. The complex
potential of each layer can be assumed asfðzkÞ ¼
P1
n¼1f
n
aðzkÞ z 2 SaP1
n¼1f
n
baðzkÞ þ
P1
n¼1f
n
bcðzkÞ z 2 Sb
f0ðzkÞ þ
P1
n¼1f
n
cðzkÞ z 2 Sc
8><
>: ð34Þwhere fnaðzÞ are holomorphic in the region z 2 Sa, fnbaðzÞ are holomorphic in the region z 2 Sa [ Sb, fnbcðzÞ are
holomorphic in the region z 2 Sb [ Sc and fncðzÞ are holomorphic in the region z 2 Sc. By applying the method
of analytical continuation to two interfaces alternatively, the unknown functions can be expressed in terms of
homogenous solution f0(z), where the piezoelectric constants involved in f0(z) are for material c. First, we
introduce two perturbed functions f1cðzÞ and f1baðzÞ which are holomorphic in the regions z 2 Sc and
z 2 Sa [ Sb, respectively, to satisfy the continuous conditions across L. These two perturbed functions are
determined by the analytical continuation method. But the function f1baðzÞ cannot satisfy the continuity con-
ditions at L*. Hence two additional perturbed functions f1aðzÞ and f1bcðzÞ holomorphic in z 2 Sa and z 2 Sa [ Sb,
respectively, are introduced to satisfy the continuity conditions across L*. Similarity, the ﬁelds produced by
f1bcðzÞ cannot satisfy the continuity conditions at L. In order to satisfy the continuous conditions for both
two interfaces, the previous steps are repeated to achieve all the other perturbed terms fnaðzÞ, fnbaðzÞ, fnbcðzÞ
and fncðzÞ (for n = 2, 3, 4,. . .) in terms of f0(z). Finally the unknown functions are obtained.(f1baðzÞ ¼ abcf0ðzÞ
f1cðzÞ ¼ bbcf0ðzÞ
ð35Þ
fnaðzÞ ¼ aabfnbaðz þ pkbhÞ
fnbcðzÞ ¼ babfnbaðz þ pkbhÞ
(
n ¼ 1; 2; 3; . . . ð36Þ
fnbaðzÞ ¼ bcbfn1bc ðzÞ
fncðzÞ ¼ acbfn1bc ðzÞ
(
n ¼ 2; 3; 4; . . . ð37Þwhere abc, acb, bbc and bcb are as deﬁned in Eqs. (28) and (29).L
L
h
S a
S b
S c
X 2
X1
Z 0
Singularity
*
Fig. 2. A singularity in a three-phase composite.
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Consider a three-phase piezoelectric solid with a singularity located in Sb, by using the same procedures as
previous case, the complex potentials of each layer can be derived asfðzkÞ ¼
P1
n¼1f
n
aðzkÞ z 2 Sa
f0ðzkÞ þ
P1
n¼1f
n
baðzkÞ þ
P1
n¼1f
n
bcðzkÞ z 2 SbP1
n¼1f
n
cðzkÞ z 2 Sc
8><
>: ð38Þ
f1baðzÞ ¼ bcbf0ðzÞ
f1cðzÞ ¼ acbf0ðzÞ
(
ð39Þ
f1aðzÞ ¼ aab½f1baðz þ pkbhÞ þ f0ðz þ pkbhÞ
f1bcðzÞ ¼ bab½f1baðz þ pkbhÞ þ f0ðz þ pkbhÞ
(
ð40Þ
fnbaðzÞ ¼ bcbfn1bc ðzÞ
fncðzÞ ¼ acbfn1bc ðzÞ
(
n ¼ 2; 3; 4; . . . ð41Þ
fnaðzÞ ¼ aabfnbaðz þ pkbhÞ
fnbcðzÞ ¼ babfnbaðz þ pkbhÞ
(
n ¼ 2; 3; 4; . . . ð42Þwhere the piezoelectric constants involved in f0(z) are for material b.
Eqs. (34) and (38) give a general series solution of the problem associated with the three-phase piezoelectric
solid under arbitrary loading as the corresponding homogeneous solution f0(z) is solved. These results are in
agreement with those of Choi and Earmme (2002) for the purely elastic problem. It should be emphasized that,
based on the method of successive approximations described above, the present derived solution can be
extended to the problem containing any number of layers. The details are similar to Shen et al. (2006) for
anti-plane piezoelectricity.
6. Numerical results and discussion
In the following discussion, material a and material c are assumed to be PZT-4 with the poling along the x2
axis. The material properties are (Hung and Kuang, 2001)c11 ¼ 139 G N m2; c22 ¼ 113 G N m2; c66 ¼ 25:6 G N m2; c12 ¼ 74:3 G N m2;
c13 ¼ 77:8 G N m2; e21 ¼ 6:98 C m2; e22 ¼ 13:84 C m2; e16 ¼ 13:44 C m2;
e11 ¼ 6 nC V1 m1; e22 ¼ 5:47 nC V1 m1Material b is assumed to be PZT-5H with the poling along the x2 axis. The material properties are (Zhou et al.,
2005)c11 ¼ 126 G N m2; c22 ¼ 117 G N m2; c66 ¼ 35:3 G N m2; c12 ¼ 53 G N m2;
c13 ¼ 55 G N m2; e21 ¼ 6:5 C m2; e22 ¼ 23:3 C m2; e16 ¼ 17 C m2;
e11 ¼ 15:1 nC V1 m1; e22 ¼ 13 nC V1 m1:6.1. A line force interacting with interfaces
Consider a three-phase piezoelectric media subjected to a line force f ¼ f0h 0 1 0 0 i at the point
z0 = (x2)0 i located in Sc. Figs. 3–5 show the distributions of interfacial stresses of materials b and c along
x2 = 0. It can be observed from these ﬁgures that the shear stress r12 and normal stress r22 are continuous
Fig. 3. The distribution of interfacial hoop stress r11 between materials b and c.
Fig. 4. The distribution of interfacial shear stress r12 between materials b and c.
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Fig. 5. The distribution of interfacial normal stress r22 between materials b and c.
5606 M.H. Shen et al. / International Journal of Solids and Structures 44 (2007) 5598–5610across the interface, while the hoop stress r11 is discontinuous across the interface, which conﬁrms to the
boundary conditions. Furthermore, one can ﬁnd the interfacial stresses increase when the applied line force
is nearer to the interface. Similar trend can be found in Figs. 6–8 which show the distributions of interfacial
stresses between materials a and b. Note that the calculated results of the current problem are obtained from
the series solution up to the ﬁrst ﬁve terms in Eq. (34) with an error less than 0.01% as compared to a sum of
the ﬁrst four terms. Figs. 9 and 10 display the distributions of the tangential electric displacement D1 and nor-
mal electric displacement D2 of materials b and c. Similarly, the tangential electric displacement is discontin-
uous across the interface, while the normal electric displacement is continuous across the interface. Finally, we
can ﬁnd the hoop stress r11, the normal stress r22 and the normal electric displacement D2 are symmetric about
the x2 axis, while the shear stress r12 and the tangential electric displacement D1 are anti-symmetric about the
x2 axis due to the symmetry of the applied loadings.
6.2. Image force on a piezoelectric dislocation
In this section, we consider a three-phase piezoelectric media with a screw dislocation located at the point z0.
The image force is deﬁned as the negative gradient of the interaction energy with respect to the position change
of the dislocation, which is an important physical quantity for understanding the interacting of a dislocation
and interfaces. The image force can be calculated by means of the generalized Peach–Koehler formula by Pak
(1990) and Ting and Barnett (1993).F x1 ¼ bx1rT21 þ bx2rT22 þ bx3rT23 þ buDT2 ¼ ðbpÞt/T;1
F x2 ¼ ðbx1rT11 þ bx2rT12 þ bx3rT13 þ buDT1 Þ ¼ ðbpÞt/T;2 ð43Þwhere rTij and D
T
i are the perturbation stresses and electric displacement components at the dislocation. Fig. 11
shows the distribution of image force on a dislocation located at the point z0 = (x2)0i in Sc. One can ﬁnd the
magnitude of the image force F x2 increases with the decrease of the distance between the interface and the
Fig. 6. The distribution of interfacial hoop stress r11 between materials a and b.
Fig. 7. The distribution of interfacial shear stress r12 between materials a and b.
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Fig. 8. The distribution of interfacial normal stress r22 between materials a and b.
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5610 M.H. Shen et al. / International Journal of Solids and Structures 44 (2007) 5598–5610dislocation. The positive image force represents the force will attract the dislocation to the interface and the
negative image force represents the force will repel the dislocation to the interface. In addition, it is expected
that the image force F x1 in the x1 direction is equal to zero.
7. Conclusion
The alternating technique and the method of analytical continuation are employed to study the singularities
in a three-phase anisotropic piezoelectric composite. It is shown that a homogeneous solution for singularities
serves as a base to derive the solution of a three-phase composite for the same singularities in a series form.
The numerical results demonstrate that the continuity conditions at the interface are indeed satisﬁed and show
the eﬀects of material mismatch on the stress and electric displacement ﬁelds. The image forces exerted on a
dislocation due to interfaces are estimated by means of the Peach–Koehler formula, which play an important
role in the motion of dislocation. The solutions proposed here can also be used as a Green’s function to ana-
lyze the corresponding piezoelectric cracking problems.
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